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1. (a) Show that the equation 4x − 2 sin x − 1 = 0, where x is in radians, has a root α in the 
interval [0.2, 0.6]

(2)

  (b)  Starting with the interval [0.2, 0.6], use interval bisection twice to find an interval of 
width 0.1 in which α lies.

(3)
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___________________________________________________________________________
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___________________________________________________________________________
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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___________________________________________________________________________
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___________________________________________________________________________
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

a.
f(x) = 4x-2sinx-1

f(0. 2) < 8↓ 10 ·2) : ↑10 ·2) - 2 sin 10 . 2) - 1 = 0. 5973386616

& 10 . 6) > Of(0. 6) : <10 · 6) - 2 sin10 . 6) - 1 = 0 . 2707150532

There is a sign change from negative to positive and fix) is continuous,

: root ,
d

,
lies in the interval [0. 2

,
0 . 6].

1- ) 1 + (
b. 1st interval bisection : 0 . 2 + 0. 6

: 0 . 4
↓ II

2
0.2 0- 60. 4

f(0. 4) = 0 . 1788366846

1 + (1- )
2nd interval bisection : 0 . 4 + 0 . 6 : 0. 5

↓ II

2 0. 50. Y 0- 6

f 10. 5) = 0 . 04114892279

1- ) 1 + (

↓ I

0. 4 0. 5

0 . 44x + 0 . 5
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2. Given that  x = +3

8

71

8
i   is a root of the equation

4x3 − 19x2 + px + q = 0

  (a)  write down the other complex root of the equation.
(1)

 Given that x = 4 is also a root of the equation,

  (b)  find the value of p and the value of q.
(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

3

ea with form : ax +ba + <x + d
,

there are 3 roots.a
.

For a cubic

There are 2 possibilities : 3 real roots

I real root and 2 complex roots / Conjugate pair

The other complex root must be the complex conjugate of 18+ i)
&

flip sign of Imaginary component

-

b
.

(x - (- ))(x - (8+ ))(x - c) = 0

(x-+ i)(x-- i)(x - 4) = 0

I-x-x-+ )(X - 4) = 0

(x2- -x + y- (-x)(X - 4) = 0

(x2 - gx+ )(x - x) = 0

(x2- -x + =)(x - 4) = 0

x - 3x2 + Ex - 4x2 + 3x - 5 = 0

x-x + Ex - 5 = 0

2xa
4x3 - 19x2 + 17x - 20 = 0

compare coefficients with ea" above : p = 17
, q = -20

p = 17
, 9 = - 20
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3. The matrix M is defined by 

M =
+ −
−

⎛
⎝⎜

⎞
⎠⎟

k
k

5 2

3

  (a)  Determine the values of k for which M is singular.
(2)

  Given that M is non-singular,

  (b)  find M–1 in terms of k.
(2)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

a . Matrx M isSingular det (m) = 0

X = abJc d

def(x) = (a)(d) - (b)(c)

det (m) = (n + 5)(k) - 1 - 2)(- 3)

= (n2 + 54) - (6)

= k2 + 5x - 6

det (m) = k
2

+ 5x - 6

Set det (m) = 0 => k" + 54 - 6 = 0

(n + b)(k - 1) = 0

K = - 6 or K = 1

k = - 6 or K = 1

·

x-b
,

X =e

- b = - 1 - 2) = 2

- c = - ( - 3) = 3

M =

12. In+s
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4. The equation 2x2 + 5x + 7 = 0 has roots α and β

 Without solving the equation

  (a)  determine the exact value of α3 + β3

(3)

  (b)  form a quadratic equation, with integer coefficients, which has roots 

2 2

 and 
α β
β α

(5)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

a x2- (sum of roots (x + (product of roots) = 0

let < , B be roots of quadratic

x2 - (x + B(x + (B) = 0

sum of roots : x + B

product of roots : GB

2x2 + 5x + 7 = 0
G = 2

x + Ex + E = 0

2 + B = - z

XB=

23 + B = (x + B) - 32B( + B)

= ( -z(3 - 3(z)) - E)
= 85

23 + B3 = 25

b . x2 - (sum of roots) x + I product of roots) = 0

x2 -(+ x +/ = 0

x-)+ (x + (B)=Cuse
ans from part (a)

x - (8(x + (E) = 0

x2- x + = 0
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Question 4 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

x- x + E =

0)x2
28x2 - 85x + 98 = 0 -all integer coefficients

28x2 - 85x + 95 = 0
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5.  (a)  Using the formulae for   r
r

n

=
∑

1

  and   r
r

n
2

1=
∑ , show that

( )( ) ( )( )r r n n n
r

n

+ + = + +
=

∑ 1 5
6

7 2 7

1

    for all positive integers n.
(5)

  (b)  Hence show that 

( )( ) ( )( )r r n n an b
r n

n

+ + = + +
= +
∑ 1 5

7

6
1

1

2

  where a and b are integers to be determined.
(2)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

art(+) or

v = 1

I split summation into 3.

&For
V = 1

factor 6 out factor 5 out

summation summation

-

n· Summations

21 = n

=

Sr = (n(n+ 1) I must learn !

r=

= En(n+ 1)(2n +1) + G(zn(n+1)] + 5(n] E v2 = jn(n+ 1)(2n+ 1)
V = 1

& r3= In+ in the formulae booklet

= En(n+ 1)(2n + 1) + zn(n + 1) + jn

= Yn(n + 1)(2n+ 1) + 3n(n + ) + 5n

= G((n+1)(2n+ 1) + 18(n+1) + 30]

= (2n2 + 3n + 1 + 18n + 18 + 30]

= (2n + 21n + 49]

-(n + 7)(2n + 7)
Shown
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Question 5 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

6(+5)=5) -l

= 2n (2n + z)(2(in) +7) - (n+7)(2n + 7)
T

=
n (2n+)(n+ 7) - (n +7)(2n

(. factor out En /2n + 7)

·

In (2n +((n +-

:

I (an+( +-

: Inlan + 7) (n+

En(n + 1)(2n + 7)
,

a = 2 , b = 7
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6. The complex number z is defined by

z = – λ + 3i where λ is a positive real constant

  Given that the modulus of z is 5

  (a)  write down the value of λ
(1)

  (b)  determine the argument of z, giving your answer in radians to one decimal place.
(2)

In part (c) you must show detailed reasoning.

Solutions relying on calculator technology are not acceptable.

   (c)  Express in the form a + ib where a and b are real,

  (i) z +
−

3

2 4

i

i

  (ii) z2
(5)

  (d)  Show on a single Argand diagram the points A, B, C and D that represent the complex 
numbers 

z z z z, *,
+
−

3

2 4

2i

i
and 

(3)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

a
. z = - 1 + 3i

(z) = 5

+(3) = 5

1- 312 + 1312 = 1512

12 + 9 = 25

j2 = 16

1 == = 14

However
,

Q States a is a real positive constant : 1 = 4 only

1 = 4

m
b .

z = - 4 + 3 ;
-4 + 3i

t

I o = tan- (2)

3a / narg(z)
>Re arg(z) = -tan" (3)

arg(z) = 2. 498091545

arg(z) = 2.5 hap.
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Question 6 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

Ci
.

z + 3i
= ( x + 3i) + 3i = - 4 + 6i

2 - 4i 2- 4i 2 - 4i

must change
- 1 + oi

into atbi form :

2 - 4i

multiply top and bottom by

S Complex conjugate of denominator

-i x2+i =- + Gi)(2 l

2 + 4i (2-4i)(2 + 4i)

= - 8 - 16i + 12i + 24;
2

4 + 8i - 8i - 16 :
2

=
- 8 + 24;2 - Ti

4 - 16 :
2

=
- 8 + 24(- 1) - 4i

4 - 161- 1)

=
- 32 - 4i = -- = - -

20

- i

ii . z = 1 - 4 + 3:)

= 16 - 12i - 12i + 9 ;
2

= 16 + 9i2 - 24i

= 16 + 9)- 1) - 24i

= 7 - 24i

7- 24i

d . Z
*

is the complex conjugate of Z.

L
flip sign of Imaginary component

z
*

= - x - 3i
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Question 6 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

Im

Z
X

> Re
z+ 3i X
2 - 4i

zX
+ (NOT DRAWN TO SCALE
z
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7. The matrix A is defined by

A =
−

−
⎛
⎝⎜

⎞
⎠⎟

4 5

3 2

 The transformation represented by A maps triangle T onto triangle T ́

 Given that the area of triangle T is 23 cm2 

  (a)  determine the area of triangle T ́
(2)

  The point P has coordinates (3p + 2, 2p – 1) where p is a constant.  The transformation 
represented by A maps P onto the point Pʹ with coordinates (17, –18)

  (b)  Determine the value of p.
(2)

 Given that

B =
−

⎛
⎝⎜

⎞
⎠⎟

0 1

1 0

  (c)  describe fully the single geometrical transformation represented by matrix B
(2)

 The transformation represented by matrix A followed by the transformation represented 
by matrix C is equivalent to the transformation represented by matrix B

  (d)  Determine C
(3)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

a
.

Ide+ (A)) = area scale factor

x =anc d

def(x) = (a)(d) - (b)(c)

det (A) = (4)(2) - ( - 5)(- 3)

=

- 7

det (A) = - 7

Area S . F .
= Ide+ (A) 1 = 1 - 71 = 7

Area of T x 7 : Area of T

23x7 : 161

Area of T = 161 units
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Question 7 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

6.&

&=

-5

*t =

2p + 13 = 17 - 5p - 8 = - 18

2p = 4 - 5p = - 10

p = 2 p = 2

P = 2

C
. Start by drawing a coordinate axis and mark coordinates 1) and (i)

then mark the Coordinates of new matrix

/Identity matux I
↓

Mathx B

10 transformation 01J J01
3

-10

Ya M
Y

(i
X

2
transformation represents

*

(d)
> x

rotation 90
°

clockwise
> X > x

about origin. S Id

(i)

Rotation
, through 90

°

clockwise about origin
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Question 7 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

d. Order : CA = B

CA = B
2 A on right

CAA"= BAT

C = BA
-

(1) calculate A "first

X = abJc d

def(x) = (a)(d) - (b)(c)

det (A) = - 7 from part (a)

x = Jab ,-
- b = - 1 - 5) = 5

- c = - ( - 3) = 3

A" =-

c:-

-

C = 1 (0)(2) + 11) (3) (01(5) + (1)(4)-A7. ( -)(2) + (0)(3)(-1)(5) + (0)(4)

-
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8. The hyperbola H has Cartesian equation xy = 25

 The parabola P has parametric equations x = 10t2, y = 20t

 The hyperbola H intersects the parabola P at the point A

  (a)  Use algebra to determine the coordinates of A
(3)

 The point B with coordinates (10, 20) lies on P

  (b)  Find an equation for the normal to P at B

    Give your answer in  the form ax + by + c = 0, where a, b and c are  integers  to be 
determined.

(5)

  (c)  Use algebra to determine, in simplest form, the exact coordinates of the points where 
this normal intersects the hyperbola H

(6)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

a Firstly rewrite Parabola ea" in

terms of Cartesian.

lat ?, 2at) = (10+, 20 +2) => a = 10

y
=

= tax = y = 4/10)x

y = 40x *

can now solve both y" = 40x and Cy = 25 simultaneously.

xy = 25 GX40 on both sides

40(ly) = 40(25) => 40xy = 1000

lyly : 1000 substitue j= +0x into doxy = 1000

y3 = 1000

: : 10

x(10) = 25

=

:. Al , 10)
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Question 8 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

b. Differentiate parabola eq w . r i
t. S :

y
2

= 40x

2y() = 40

&

sub in courd . B (10, 20) :

,

Mtangent = 1

Mnormal : -1

set up line equ y-y .
= m(X-X . ) with M = - 1

(x , , y . ) = (10, 20)

y - 20 : - 1(X - 10)

y - 20 : - x + 10

x +y - 30 = 0

x + y - 30 = 0
,

a = 1
, b = 1

, c = - 30

C. solve C+ y-30 = 0 and sy = 25 Simultaneously.

x + y
- 30 =

0) rearrange fora

x = 30 -

y

xy =

25 (sub X = 30-y into hyperbola ea

(30 - y)y = 25

30y - y2 = 25

y
2

- 30y + 25 = 0

y
2

- 30y + 25 = 0

↓ly - 15) 2 - 225 +25 = 0 solve for y

(y +18)" -200 = O

y
= 15 = = 15 + 10
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Question 8 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

now sub y-words into either ea's to find cl-cords·

-> When y
: 15 + 102

x = 30 -

y

: 30-lls + 10)

x = 30-15-lo

= Is-loc

-> When y : 15-10st

x = 30 -

y

2 = 30- 115-10

x = 30 - 15 + 102

x = 15 + 10

Points of Intersection : (Is + lov
,
15-10

(15-101
, 15 + lov)
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9. (i)  A sequence of numbers u1, u2, u3,... is defined by

u u un n+ = − =
1 1

1

3
2 1 1( )

    Prove by induction that, for  n ∈ +

un
n

= ⎛
⎝⎜

⎞
⎠⎟ −3

2

3
1

(6)

 (ii) f ( )n n n= ++ +
2 3

2 2 1

    Prove by induction that, for  n n∈ + , f ( )  is a multiple of 7
(6)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

i
. (1) Base case : Prove true for n : 1

u
,

= 3(z) - 1 = 1

U1 = 1

the for n = 1

12) Assume true for n = K :

Un = 3(z)" - 1

13) Prove true for n = k + 1 :

Un + 1
= 5(2un - 1

Un+
= 5/2(3(5)" - 1) - 1) Thinking ahead ,

sub in n-k + 1 into

: )6(5)" - 2 - 1) Un-this is what we are trying to prove

= 5)6(5)" - 3)
using

(2) :

=(2x3(5)" - 3) Un + 1
: 3))" - I

: x3(5)" - (5)(3) Make a note to the side so we know what

: 3x(5)"x(5)"- 1
we are working towards

.

: 3(5)"* - 1

: Un+: 315)"
*

- 1 true for n = k + 1

14) Conclusion

Hence result is true for n = K + 1
.

As true for n: 1 and have shown if true for n = K then it is

true for n = K + 1
,

so it is true for all NEIN by induction.
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Question 9 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

ii. (1) Base Case : check true for n =

1 + 2

f(1) : 2 +32(1)
+ 1

= 35

= 5/7) = divisible by
7

:
true for n = 1

12) Assume true for n = K :

f(x) = 2k+ 2
+ zan

+

13) Inductive step , prove true for n = K + 1 :

k+1 + 2 2(k + 1) + 1

f(k +1) = 2 + 3

n + 3 2n + 2 + 1

= 2 t 3
n +3

: 2 + z2k + 3

f(k+ 1) - f(k) = (24
+ 3

+ z2n+3) - (yu+2 z2n +

1)

= (2(2n+2) + z2(zan+)) - (2n+ 2
+ z2n

+

1)

: 2(2n+ 2) + q(z2n+1) - yn+2
- 3

2n +1

= yn
+ 2

+ 8(z2k +

1)

= yn
+ 2

+ z2n+

+ 7(z2n
+

1)

= f(u) + 7(z2n+

1)

f(u+ 1) - f(u) = f(u) + 7(z2n + 1)

f(n+1) = 2 f(n) + 7(y2n+1)

: f(u +1) = 2 f(k) + 7(z2n +

1) : true for n = k + 1

14) Conclusion

Hence result is true for n = K + 1
.

As true for n: 1 and have shown if true for n = K then it is

true for n = K + 1
,

so it is true for all NEIN by induction.


